Abstract. The notions of a twistor space of a contact manifold and a contact connection on such a manifold have been introduced by L. Vezzoni as extensions of the corresponding notions in the case of a symplectic manifold. Given a contact connection on a contact manifold one can define an almost CR-structure on its twistor space and Vezzoni has found the integrability condition for this structure. In the present paper it is observed that the CR-structure is induced by an almost contact metric structure. The main goal of the paper is to obtain necessary and sufficient conditions for normality of this structure in terms of the curvature of the given contact connection. Illustrating examples are discussed at the end of the paper. Mathematics Subject Classification (2010): 53C28; 53D15
Introduction
Let M be a contact manifold with contact form α and contact distribution D. The restriction of dα to D is a symplectic form and L. Vezzoni [10] has defined the contact twistor space of M as the bundle over M whose fiber at any point p ∈ M consists of all complex structures on D p , the fibre of D at p, compatible with the symplectic form dα|D. He has also introduced the notion of a contact connection on M and showed that, given such a connection ∇, one can define a natural almost CRstructure on the contact twistor space of M in a way that resembles the standard twistor construction. Vezzoni has found the integrability condition for this almost CR-structure in terms of the curvature of the connection ∇.
In this note we observe that the CR-structure considered in [10] is induced by an almost contact metric structure on the contact twistor space of M . As usual in twistor theory, one can define one more almost contact metric structure and the main purpose of this paper is to discuss the normality of these almost contact metric structures. Recall that normality is an important property of an almost contact manifold N , which means that the product manifold N × S 1 is a complex manifold with the complex structure induced by the almost contact one (cf., for example, [1] ). As one can expect, the integrability condition for the first almost contact metric structure can be expressed in terms of the curvature of the connection ∇, while the second one is never normal. Considering the two induced CR-structures, we reprove the Vezzoni integrability result for the first one and show that the second CR-structure is never integrable. Examples illustrating the obtained results are discussed in the last section of the paper.
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L αβ E γ = δ αγ E β , α, β, γ = 1, . . . , 2n.
This basis is orthonormal with respect to the metric G J on End(D) induced by g J . Set
(1)
These endomorphisms of D are orthonormal, lie in T J Z and
. . , n,
Thus {V ij , J V ij : 1 ≤ i ≤ j ≤ n} is a G J -orthonormal basis of T J Z.
Denote by symm(ω) the set of endomorphisms S of D that are ω-symmetric, i.e. ω(Sx, y) = ω(x, Sy). Then End(D) = sp(ω) ⊕ symm(ω). For every J ∈ Z, we also have the direct sum decomposition sp(ω) = T J Z ⊕ {S ∈ sp(ω) : JS − SJ = 0}.
The projection of an endomorphism U ∈ sp(ω) to T J Z is given by pr J (U ) = is the projection of A ∈ End(D) to T J Z with respect to the decomposition End(D) = T J Z ⊕ {S ∈ sp(ω) : JS − SJ = 0} ⊕ symm(ω).
Let U ∈ T J Z and let V be a vector field on a neighbourhood of J. Take any smooth function sp(ω) → sp(ω) that coincides with V on a neighbourhood of J and denote this function again by V . It follows from the Koszul formula that the Levi-Civita connection D of the Riemannian manifold (Z, G) is given by
where
The Lie group Sp(ω) of linear transformations Q of D that preserve ω, ω(Qx, Qy) = ω(x, y), acts transitively on Z by conjugation. Indeed, if J, J ′ ∈ Z, take symplectic bases E α and E ′ α , α = 1, . . . , 2n, determined by J and J ′ , respectively. Then, if Q is the linear transformation of D defined by QE α = E ′ α , we have Q ∈ Sp(ω) and J ′ = QJQ −1 . Denote the isotropy subgroup of Sp(ω) at a point J 0 ∈ Z by U (J 0 ). Thus Z is the homogeneous space Sp(ω)/U (J 0 ). Note also that the complex structure J and the metric G on Z are invariant under the action of Sp(ω).
The Lie algebras of the groups Sp(ω) and U (J 0 ) are sp(ω) and u = {S ∈ sp(ω) :
is a symmetric space. Recall that Sp(2n, R)/U (n) is diffeomorphic to the Siegel upper half plane S n , which is the set of complex symmetric n × n-matrices Z = X + iY with positive definite imaginary part Y (see, for example, [5] or [9] ). Indeed, let
be the matrix representation of a transformation ψ ∈ Sp(2n, R) with respect to the standard basis of R 2n . Then
defines a transitive action of Sp(2n, R) on S n . The isotropy subgroup at the matrix iI ∈ S n , I being the identity n × n-matrix, is U (n). Thus Sp(2n, R)/U (n) ∼ = S n . Let J(Z) be the complex structure corresponding to Z = X + iY ∈ S n under the composite diffeomorphism S n ∼ = Sp(2n, R)/U (n) ∼ = Z. Denote by Y 1/2 the principal square root of the symmetric positive definite matrix Y . Then the matrix
represents a transformation in Sp(2n, R) (smoothly depending on (X, Y )) such that ψ ·(iI) = Z. Hence
It is easy to check by means of the latter formula that the diffeomeorphism Z → J(Z) is holomorphic, S n being considered with its natural complex structure as an open subset of the vector space of symmetric complex matrices. The manifold S n admits a Sp(2n, R)-invariant Kähler metric H introduced and studied by Siegel (see, for example, [7] ). For W = U + iV ∈ T Z S n , it is defined by
One can easily check that the biholomorphism Z → J(Z) sends the metric G on Z to the metric 2H on S n .
2.2. Sp(ω)-decomposition of curvature tensors. Let (M, ω) be a symplectic manifold and ∇ a linear torsion-free connection on T M for which ∇ω = 0. Such a connection always exists [4] (see also [8] ). Let R be the curvature tensor of ∇. Convention. We adopt the following definition for the curvature tensor
. This differs by a sign from the definition used in [8, 10] .
It has been observed in [8] that this covariant 4-tensor has the following properties:
Now consider the space S of covariant 4-tensors on a symplectic vector space (D, ω) having these properties. The group Sp(ω) acts on the space S in a natural way. The irreducible decomposition of S under the action of Sp(ω) has been found in [8] . To describe this decomposition we introduce the Ricci tensor of a tensor R ∈ S in the usual way. Let R(X, Y )Z be the (1, 3)-tensor defined by
Then the Ricci tensor of R is defined as
Thus, if E 1 , . . . , E 2n is a symplectic basis,
It has been shown in [8] that the Ricci tensor σ R is symmetric. Let S 0 be the subspace of tensors in S with vanishing Ricci tensor. Denote by S r the subspace of S consisting of all tensors in S of the form
where P is a symmetric covariant 2-tensor.
The projection to S r of a tensor R ∈ S is given by the right-hand side of (4) with
Definition. As in [10] , we shall say that a covariant 4-tensor R in S is of Ricci type if R ∈ S r (i.e. if R is a reducible symplectic curvature tensor in the terminology of [8] ).
2.3. Contact connections. Let M be a (2n + 1)-dimensional contact manifold with contact form α. We denote the contact distribution Ker α by D and the Reeb vector field by ξ.
Following [10] , a linear connection ∇ on T M will be called contact, if for every X ∈ T M and every three sections Y, Y 1 , Y 2 of D and every two sections
The last identity implies Henceforward ∇ will denote a contact connection on M . It is convenient to set ω = dα. Then (6),
We also have (∇ X ω)(ξ, Z) = 0 for every X, Z ∈ T M since ω(ξ, .) = 0 and ∇ X ξ = 0.
Lemma 2. The curvature tensor R of a contact connection satisfies the following identities
Proof. Since ∇ω = 0, we have
It follows that ω(R(X, Y )Z, U ) = −ω(Z, R(X, Y )U ). This proves (i).
To prove (ii) we first note that R(· , ·)ξ = 0 since ∇ξ = 0, and that if Z ∈ D, then R(· , ·)Z ∈ D since ∇ preserves the bundle D. Thus, to show the Binachi identity, it is enough to consider the cases when X, Y, Z ∈ D and X, Z ∈ D, Y = ξ. In the first case the Bianchi identity has been proved in [10, Lemma 2.6]. In the second case, we have
where the subscript D means "the projection to D". It follows that R(X, ξ)Z + R(ξ, Z)X = 0 since the left-hand side of the identity above lies in D.
Almost contact metric structures on contact twistor spaces
Let M be a contact manifold with contact form α, contact distribution D and Reeb field ξ, dim M = 2n + 1. Set ω = dα as above.
Following [10] we define the contact twistor space of (M, α) as the bundle C → M whose fibre at every point p ∈ M is Z(D p , ω p ), the space of complex structures on the vector space D p compatible with the symplectic form ω p |D p = dα|D p .
The total space C is a submanifold of End(D). We imbed End(D) into End(T M ) setting Aξ = 0 for every A ∈ End(D), and shall consider C → M as a subbundle of the bundle π : End(T M ) → M . Remark 1. According to this convention, every J ∈ C will be considered as an endomorphism of T π(J) M such that
Suppose we a given a contact connection ∇ on T M .
The connection ∇ induces a connection on the vector bundle End(T M ) which will also be denoted by ∇.
Remark 2. Let S be a section of the bundle C → M . Denote the extension of S to a section of
Let H be the horizontal subbundle of T End(T M ) defined by means of the connection ∇ on End(T M ).
Notation. Let J ∈ C and p = π(J). Take a basis e 1 , . . . , e n , e n+1 = Je 1 , . . . , e 2n = Je n of D p = Im J that is orthonormal with respect to the metric g J (u, v) = ω(u, Jv) on D p . For this basis ω(e i , e j ) = ω(e i+n , e j+n ) = 0, ω(e i , e j+n ) = δ ij , i, j = 1, . . . ., n. Since by Lemma 1 ω is ∇-parallel, there exists a frame of vector fields E 1 , . . . , E 2n in a (geodesically convex) neighbourhood of p such that
Define a section S of End(T M ) by
Then S is a section of C such that
It follows that, for every J ∈ C and X ∈ T π(J) M , the horizontal lift X h J = S * (X) ∈ H J of X lies in T J C, i.e. the horizontal spaces H J , J ∈ C, are tangent to the manifold C. Thus, if V J = Ker (π|C) * is the vertical space of the bundle C → M , we have the direct sum decomposition
for some smooth functions
is a local coordinate system of the manifold End(T M ).
Let [θ µν αβ ] be the connection matrix of ∇ with respect to the frame L αβ :
Then, for every vector field
Remarks 1-4 show that the imbedding End(D) ֒→ End(T M ) has nice properties in the context of our considerations.
As usual in twistor theory, we can define two endomorphisms Φ k of T C setting
On the vertical subspace V J of T J C, we set G|V J = tG J , t-times the metric on the fibre through J. Finally, the horizontal and vertical spaces at J are declared to be orthogonal. Then (Φ k , ξ h , G t ) is an almost contact metric structure on C. We refer to [1] for general facts about (almost) contact metric structures.
The main purpose of this section is to find conditions on M under which (Φ k , ξ h , G t ) is a normal structure. Recall that any almost contact metric structure (ϕ, ξ, g) on a manifold N induces an almost complex structure K on the manifold N × S 1 for which KX = ϕX for X ∈ T N , X ⊥ ξ, Kξ = − ∂ ∂s ∈ T S 1 where s is the local coordinate e 2πis → s on S 1 . The structure (ϕ, ξ, g) is said to be normal if the induced almost complex structure on N × S 1 is integrable. It is well-known that (ϕ, ξ, g) is a normal structure if and only if the tensor
where η(X) = g(X, ξ) (see, for example, [1] ; the definition of dη used here is twice the one in [1] ). For the almost contact structure (Φ k , ξ h , G t ) this tensor will be denoted by N
is an ω-skew-symmetric section of End(T M ), and we can define a vertical vector field A on C setting
Lemma 3. If J ∈ C and X is a vector field near the point p = π(J), then
Proof. Note first that by (14)
In view of (17), it follows that
On the other hand, we have (
Therefore the right-hand side of (20) equals ( ∇ X A) J . The second formula of the lemma can be proved by similar computations taking into account that
This and the first formula of the lemma imply (iii). Formula (iv) follows from (ii) and (22).
Lemma 4. For every two vector fields X, Y near the point p = π(J) and every two integers a, b ≥ 0, we have
Proof. This follows from the identities (Φ
formula (15).
Denote by D = D t the Levi-Civita connection of the metric G t .
Lemma 5. If X, Y, Z are vector fields on a neighbourhood of the point
Proof. Take a local section S of C such that S(p) = J and ∇S| p = 0. Then by the Koszul formula and (15) we have
It follows from Lemma 1 that
in view of the identity ∇S| p = 0. Moreover, we have
by (9) and (10) . Also,
since ω = dα. These identities easily imply the lemma.
Notation. Let A 1 , . . . , A n 2 +n be sections of End(D) such that A 1 (p), . . . , A n 2 +n (p) is a basis of the vertical space V J ⊂ End(T p M ) and ∇A ε | p = 0, ε = 1, . . . ., n 2 + n. Then the vector fields A ε constitute a frame of the vertical bundle in a neighbourhood of J.
The Koszul formula and Lemma 3 (i) imply that (D Aε A δ ) J is orthogonal to every horizontal vector X h J , X ∈ T p M . Thus we have the following Lemma 6. The fibres of the bundle π : C → M are totally geodesic submanifolds.
Lemma 7.
If X, Y are vector fields on a neighbourhood of the point p = π(J) and V is a vertical vector field in a neighbourhood of J, then
where H means "the horizontal component".
Proof. The Koszul formula, Lemma 3 (i) and identity (15) imply
Let γ be a curve in the fibre of C through the point J such that γ(0) = J and
This proves the first formula of the lemma. By Lemma 6, D V X h is orthogonal to every vertical vector field, thus it is horizontal. Moreover, [V, X h ] is a vertical vector field, hence
Lemmas 5 and 7 imply the following.
Corollary 2.
Corollary 3. Every integral curve of ξ h is a geodesic in (C, G t ). Proof. By Corollary 1, ξ h is Killing if and only if R(X, ξ)J = 0 for every J ∈ C and X ∈ T π(J) M . Fix a tangent vector X ∈ T p M and suppose that R(X, ξ)J = 0 for every J in the fibre C p of the bundle C. Let e 1 , . . . , e 2n be a symplectic basis of D p and let J be the complex structure of D p corresponding to this basis, Je i = e i+n , i = 1, . . . , n. Then J ∈ C p and the identity R(X, ξ)J = 0 implies (25) ω(R(X, ξ)e i+n , e k ) + ω(R(X, ξ)e i , e k+n ) = 0, i, k = 1, . . . , n, (26) ω(R(X, ξ)e i+n , e k+n ) − ω(R(X, ξ)e i , e k ) = 0.
For λ ∈ R, as in [9] , consider the symplectic basis e 
k (V, W ) = 0 . Proof. Extending X, Y to vector fields in a neighbourhood of the point p = π(J) and taking into account Lemma 4, Corollary 2, and identity (9), we easily see that
since ∇S| p = 0. Now the first formula of the lemma follows from Lemma 4 and the fact that Φ 
by Lemma 3 and Corollary 2. Corollary 2 and the fact that Φ k is a complex structure on the fibres of C imply N (ii) The almost contact metric structure (Φ 1 , ξ h , G t ) is never normal.
Proof. By Proposition 3, (Φ 1 , ξ h , G t ) is a normal structure if and only if N (1)
Take a point p ∈ M . According to Proposition 3, N
1 (X h , ξ h ) J = 0 for J ∈ C p and X ∈ T p M , if and only if for every Z, T ∈ D p and J ∈ C p
This obviously holds for X = ξ, so assume that X ∈ D p . Let e α , α = 1, . . . , 2n, be a symplectic basis of D p . It is convenient to set
For λ ∈ R, consider the symplectic basis e ′ i = e i , e ′ i+n = λe i + e i+n . Applying (27) for the complex structure J ′ corresponding to this basis and X = e
Consider also the symplectic basis e (27) and taking into account (29), we get (30) R i+n,j+n,k+n = 0, R i+n,j+n,k = 0, R i,j,k+n = 0. Now R i,j+n,k = R i,k,j+n = 0 and R i,j+n,k+n = R j+n,i,k+n = R j+n,k+n,i = 0 by (28) and (30). Similarly, identities (28) and (30) imply R i+n,j,k = R i+n,j,k+n = 0. It follows that R α,β,γ = 0 for every α, β, γ = 1, . . . , 2n. Therefore ω(R(X, ξ)Z, T ) = 0 for every Z, T ∈ D. This implies R(X, ξ)Z = 0 since R(X, ξ)Z ∈ D and ω is non-degenerate on D.
Conversely, if R(X, ξ)Z = 0 for every Z, identity (27) is obviously satisfied, so N (1)
Next, we discuss the identity N
. It is convenient to introduce the operator J − = 1 2 (Id + iJ) on the complexification D C of D and to extend ω to D C by complex bilinearity. Then, taking into account Proposition 3, it is easy to check that ω(N This proves the first part of the theorem. In order to see that the structure (Φ 1 , ξ h , G t ) is not normal, we fix a point p ∈ M and take a symplectic basis E 1 , . . . , E 2n of D p . Let J be the complex structure on D p for which JE i = E i+n , i = 1, . . . , n. Define a vertical vector V 1,2 of C at J by formula (1) 
Remark 5. Note that, by Corollary 4, the condition R(X, ξ)Y = 0 for every X, Y means that the vector field ξ h on (C, G t ) is Killing.
Almost CR-structures on contact twistor space
In this section we shall show that the almost CR-structure (E, Φ 2 |E) is not integrable, reproving in passing the integrability result of [10] for (E, Φ 1 |E); here E is the bundle over C whose fibre at a point J ∈ C is the space
⊥ , the orthogonal complement being with respect to the metric G t .
Recall that an almost Cauchy-Riemann (CR) structure on a manifold N is a pair (E, Φ) of a subbundle E of the tangent bundle T N and an almost complex structure Φ of the bundle E. For any two sections X, Y of E, the value of [X, Y ] mod E at a point p ∈ N depends only on the values of X and Y at p, so we have a skewsymmetric bilinear form L :
] mod E and called the Levi form of the CR-structure (E, Φ). If the Levi form is Φ-invariant, we can define the Nijenhuis tensor of the CR-structure (E, Φ) by
The value of this tensor at a point p ∈ N lies in E and depends only on the values of the sections X, Y at p. An almost CR-structure is said to be integrable if its Levi form is Φ-invariant and the Nijenhuis tensor vanishes. Let
be the decomposition of the complexification of E into (1, 0) and (0, 1) parts with respect to Φ. If the CR-structure (E, Φ) is integrable, then the bundle E 1,0 satisfies the following two conditions:
where Γ(E 1,0 ) stands for the space of smooth sections of E 1,0 . Conversely, suppose we are given a complex subbundle B of the complexified tangent bundle T C N such that B ∩ B = 0 and [Γ(B), Γ(B)] ⊂ Γ(B) (many authors call a bundle with these properties "CR-structure"). Set E = {X ∈ T N : X = Z +Z for some (unique) Z ∈ B} and put ΦX = −2ImZ for X ∈ E. Then (E, Φ) is an integrable CR-structure such that
Let L k be the Levi form of the almost CR-structure (E, Φ k ), k = 1, 2.
Proof. Extend X and Y to sections of D near the point p = π(J) such that ∇X| p = ∇Y | p = 0. Then, by Lemma 5,
Extend U, V to vertical vector fields. The vector fields [U, V ] and [
Denote the Nijenhuis tensor of the CR-structure
k (P, Q). Proof. Let J ∈ C and let X, Y be sections of D near the point p = π(J). Using Lemma 4 and identity (9), we easily see that
It follows from Lemma 3 and Proposition 3 that
k (P, Q) = 0 since Φ k is a complex structure on the fibres of C. (ii) The almost CR structure (E, Φ 2 ) is never integrable.
Examples
Example 1. Let E 1 , E 2 , E 3 be left-invariant vector fields on the group SO(3) such that
Thus α is a contact form on SO(3) with contact distribution D = span{E 1 , E 2 } and Reeb vector field ξ = −E 3 .
It is easy to check that for every contact connection the tensor R D is of Ricci type.
A simple example of a contact connection ∇ can be found setting
We have
Suppose that identities (31) and (32) are satisfied and set ∇ ξ E i = [ξ, E i ], i = 1, 2, and ∇ξ = 0. Then ∇ is a contact connection for which
Example 2. Let G be the simply connected 5-dimensional Lie group with Lie algebra generated by left-invariant vector fields E 1 , . . . , E 5 whose non-zero Lie brackets are
One can easily see that the group G is solvable. If E * 1 , . . . , E * 5 is the dual frame of left-invariant 1-forms, E * 1 is a contact form on G. It is shown in [3] that G admits a lattice Γ such that the quotient G/Γ is compact (recall that such a lattice is called uniform). In fact, G is one of the groups in the list, obtained in [3] , of all simply connected solvable 5-dimensional Lie groups admitting a left-invariant contact form and a uniform lattice.
Let s = 0 be a real number. Then α = sE *
We have the following table for the non-zero Lie brackets of the vector fields
The only non-zero values of the form ω = dα are
Let ∇ ′ be the connection on G for which
This connection satisfies all conditions in the definition of a contact connection except the condition (8) (for example, (∇
To get a contact connection we follow the procedure used in the proof of [10, Theorem 2.5] . If N is the tensor on D defined by
Then ∇ is a contact connection.
In our case, the non-zero values of N are
Thus we have the following table for the connection ∇
and all other ∇ Ai A j vanish. The tensor R D for this connection is not of Ricci type (identity (4) Let s = 0 be a real number. If E * 0 , E * 1 , . . . , E * 4 is the dual frame of left-invariant 1-forms, α = E * 3 + sE * 0 is a contact form on G with contact distribution D = span{E 1 , E 2 , E 4 , sE 3 − E 0 } and Reeb field ξ = 1 s E 0 . Set
Considerations similar to that in the preceding example lead to the following nonflat contact connection ∇ whose curvature R satisfies the identity R(X, ξ)Y = 0 for every X, Y and the tensor R D is of Ricci type (thus, the almost contact metric structure (Φ 1 , ξ h , G t ) is normal):
all other ∇ Ai A j = 0. The tensor R D of the following non-flat contact connection is of Ricci type, while R(X, ξ)Y is not identically zero, so the almost CR structure (E, Φ 1 ) is integrable but the almost contact metric structure (Φ 1 , ξ h , G t ) is not normal.
all other ∇ Ai A j = 0. Finally, note that the Lie algebra g = span{E 0 , . . . , E 4 } of the group G is solvable. It is not unimodular (T race ad E4 = 2), hence, by a result of Milnor [6] , the group G does not possess a discrete subgroup Γ such that the quotient G/Γ is compact.
